
























Suppose that {Tt : t ≥ 0} is a symmetri diusion semigroup on L
2(X)
and denote by {eTt : t ≥ 0} its tensor produt extension to the Bohner
spae Lp(X,B), where B belongs to a ertain broad lass of UMD spaes.
We prove a vetor-valued version of the HopfDunfordShwartz ergodi
theorem and show that this extends to a maximal theorem for analyti
ontinuations of { eTt : t ≥ 0} on L
p(X,B). As an appliation, we show
that suh ontinuations exhibit pointwise onvergene.
1 Introdution
The goal of this paper is to show that two lassial results about symmetri
diusion semigroups, whih go bak to E. M. Stein's monograph [24℄, an be
extended to the setting of vetor-valued Lp spaes.
Suppose throughout that (X,µ) is a positive σ-nite measure spae.
Denition 1.1. Suppose that {Tt : t ≥ 0} is a semigroup of operators on
L2(X). We say that
(a) the semigroup {Tt : t ≥ 0} satises the ontration property if
‖Ttf‖q ≤ ‖f‖q ∀f ∈ L
2(X) ∩ Lq(X) (1)
whenever t ≥ 0 and q ∈ [1,∞]; and
(b) the semigroup {Tt : t ≥ 0} is a symmetri diusion semigroup if it satises
the ontration property and if Tt is selfadjoint on L
2(X) whenever t ≥ 0.
It is well known that if 1 ≤ p < ∞ and 1 ≤ q ≤ ∞ then Lq(X) ∩ Lp(X) is
dense in Lp(X). Hene, if a semigroup {Tt : t ≥ 0} ating on L
2(X) has the
ontration property then eah Tt extends uniquely to a ontration of L
p(X)
whenever p ∈ [1,∞). By abuse of notation, we shall also denote by {Tt : t ≥ 0}
the unique semigroup extension whih ats on Lp(X).
The lass of symmetri diusion semigroups is widely used in appliations
and inludes the Gaussian and Poisson semigroups on L2(Rn). Despite the
simpliity of the axioms dening this lass, symmetri diusion semigroups have
a rih theory. For example, if {Tt : t ≥ 0} is a symmetri diusion semigroup on
L2(X) then the semigroup an also be ontinued analytially to setors of the
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omplex plane. To be preise, given a positive angle ψ, let Γψ denote the one
{z ∈ C : | arg z| < ψ} and Γψ its losure. We shall denote the interval [0,∞) by
Γ0. Using spetral theory and omplex interpolation, Stein proved the following
result.
Theorem 1.2 (Stein [24℄). Suppose that 1 < p <∞,
ψ/π = 1/2− |1/p− 1/2| > 0,
and {Tt : t ∈ R} is a symmetri diusion semigroup on L
2(X). Then {Tt :
t ≥ 0} extends uniquely to a semigroup {Tz : z ∈ Γψ} of ontrations on L
p(X)
suh that the operator-valued funtion z 7→ Tz is holomorphi in Γψ and weak
operator topology ontinuous in Γψ.
We now reall two results of M. Cowling [5℄, developing the fundamental
work of Stein [24℄, whih the urrent paper generalises. The rst is a useful
tehnial tool. For f in Lp(X), dene the maximal funtion Mψf by
Mψf = sup{|Tzf | : z ∈ Γψ}.
The maximal theorem, stated below, says that the maximal funtion operator
Mψ is bounded on Lp(X).
Theorem 1.3 (SteinCowling [5℄). Suppose that 1 < p <∞ and that
0 ≤ ψ/π < 1/2− |1/p− 1/2|.
If {Tz : z ∈ Γψ} is the semigroup on L
p(X) given by Theorem 1.2 then there is
a positive onstant C suh that∥∥Mψf∥∥
p
≤ C ‖f‖p ∀f ∈ L
p(X).
The maximal theorem allows one to dedue a pointwise onvergene result
for the semigroup {Tz : z ∈ Γψ}.
Corollary 1.4 (SteinCowling [5℄). Assume the hypotheses of Theorem 1.3. If
f ∈ Lp(X) then (Tzf)(x) → f(x) for almost every x in X as z tends to 0 in
Γψ.
The earliest form of the maximal theorem appeared in Stein [24, p. 73℄ for
the ase when ψ = 0. From this Stein dedued the pointwise onvergene of Ttf
to f as t → 0+. Using a simpler approah, Cowling [5℄ extended Stein's result
to semigroups {Tz : z ∈ Γψ}, holomorphi in the setor Γψ, without additional
hypotheses. Given z ∈ Γψ, Cowling's strategy was to deompose the operator
















where t = |z| and −L is the generator of the semigroup. The Lp norm of the rst
term on the right-hand side an be ontrolled by the HopfDunfordShwartz
ergodi theorem. A lever use of the Mellin transform allows the braketed
terms to be ontrolled by bounds on the imaginary powers of L.
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The hief ontribution of this paper is to observe that, under ertain assump-
tions, this argument may be adapted to the setting of Lp spaes of Banah-spae-
valued funtions. Several other results ontained in Stein's monograph [24℄ have
already been pushed in this diretion (see, for example, [28℄, [19℄ and [14℄). In a
broader ontext, there has been muh reent interest in operators whih at on
suh spaes, partiularly when the Banah spae has the so-alled UMD prop-
erty (see the ground breaking work of J. Bourgain [1℄ and D. Burkholder [3℄).
Developments whih are perhaps most pertinent to our results inlude studies
on bounded imaginary powers of operators (of whih the artile [9℄ of G. Dore
and A. Venni is now a lassi), H∞-funtional aluli for setorial operators
(see espeially the paper [6℄ of A. MIntosh and his ollaborators) and maximal
Lp-regularity (see L. Weis [27℄ and the referenes therein). The artile [18℄ of P.
Kunstmann and L. Weis gives an exellent exposition of the interplay between
these motifs in the vetor-valued setting as well as an extensive bibliography
detailing the key ontributions made to the eld over the last two deades.
Suppose that B is a (omplex) Banah spae and let Lp(X,B) denote the
Bohner spae of B-valued p-integrable funtions on X . Given a symmetri
diusion semigroup {Tt : t ≥ 0} on L
2(X), its tensor produt extension {T˜t : t ≥
0} to Lp(X,B) exists by the ontration property (see Setion 2). If {T˜t : t ≥ 0}
an be ontinued analytially to some setor Γψ+ǫ, where 0 < ψ < π/2 and
ǫ is a (suiently) small positive number, then denote this ontinuation by
{T˜z : z ∈ Γψ+ǫ}. If suh a ontinuation does not exist, we take ψ to be 0. Given
any funtion F in Lp(X,B), one denes the maximal funtion MψBF by
MψBF = sup{|T˜zF |B : z ∈ Γψ}. (3)
The theorem below is the main result of this paper.
Theorem 1.5. Suppose that (X,µ) is a σ-nite measure spae and that {Tt :
t ≥ 0} is a symmetri diusion semigroup on L2(X). Suppose also that B is
a Banah spae isomorphi to a losed subquotient of a omplex interpolation
spae (H,U)[θ], where H is a Hilbert spae, U is a UMD spae and 0 < θ < 1.
If 1 < p <∞, |2/p− 1| < θ and





(a) {T˜t : t ≥ 0} has a bounded analyti ontinuation to the setor Γψ in
Lp(X,B),
(b) there is a positive onstant C suh that∥∥∥MψBF∥∥∥
Lp(X)
≤ C ‖F‖Lp(X,B) ∀F ∈ L
p(X,B),
and
() if F ∈ Lp(X,B) then T˜zF (x) onverges to F (x) for almost every x in X
as z tends to 0 in the setor Γψ.
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It is noteworthy that the lass of Banah spaes B satisfying the interpolation
hypothesis of Theorem 1.5 is a subset of those Banah spaes possessing the
UMD property. It inludes those lassial Lebesgue spaes, Sobolev spaes
and Shattenvon Neumann ideals that are reexive. The reader is direted to
Setion 6 for further remarks on these spaes.
The struture and ontent of the rest of this paper is as follows. Setion
2 presents some standard results on tensor produt extensions of operators to
vetor-valued Lp spaes. For example, it is well-known that suh extensions exist
for semigroups with the ontration property and onsequently these semigroups
are subpositive. In Setion 3 we prove a stronger result; namely that, whenever
1 ≤ p < ∞, every measurable semigroup {Tt : t ≥ 0} on L
2(X) satisfying the
ontration property is dominated on Lp(X) by a measurable positive semigroup
with the ontration property. This result allows us to easily dedue, in Setion
4, a vetor-valued version of the HopfDunfordShwartz ergodi theorem.
Parts (a) and (b) of Theorem 1.5 are proved in Setions 5 and 6. Following
tehniques used in [5℄, we begin by proving a maximal theorem for the tensor
prout extension {T˜t : t ≥ 0} to L
p(X,B) of a strongly ontinuous semigroup
{Tt : t ≥ 0} satisfying the ontration property. Here we assume that 1 < p <∞
and B is any Banah spae, provided that the generator −L˜ of the B-valued
extension has bounded imaginary powers on Lp(X,B) with a power angle less
than π/2 − ψ. Setion 6 disusses irumstanes under whih this ondition
holds. In general, it is neessary that B has the UMD property. Moreover,
by exploiting the subpositivity of {Tt : t ≥ 0} and adapting arguments of M.
Hieber and J. Prüss [13℄, we show that if B has the UMD property then L˜
has an H∞-funtional alulus. This, along with spetral theory (where the
self-adjointness of eah operator Tt is imposed) and interpolation, allows us to
remove the bounded imaginary powers hypothesis at the ost of restriting the
lass of Banah spaes B for whih the maximal theorem is valid.
In Setion 7 we show that that the pointwise onvergene of {T˜z : z ∈ Γψ}
is easily dedued from the pointwise onvergene of {Tz : z ∈ Γψ} and the
maximal theorem. This ompletes the proof of Theorem 1.5.
2 Vetor-valued extensions of ontration semi-
groups
Suppose that B is a (omplex) Banah spae with norm | · |B and that (X,µ) is a
σ-nite measure spae. We also assume throughout this setion that p ∈ [1,∞).








(As is ustomary, we will not distinguish between equivalene lasses of funtions
and members of eah equivalene lass.) Let Lp(X) ⊗ B denote the set of all
nite linear ombinations of B-valued funtions of the form uf , where u ∈ B
and f ∈ Lp(X). It is known that this set is dense in Lp(X,B). Many operators
ating on salar-valued funtion spaes an be extended to at on B-valued
funtion spaes in the following anonial way.
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Denition 2.1. Suppose that T is a bounded operator on Lp(X). If IB denotes













whenever n ∈ Z+, uk ∈ B, fk ∈ L
p(X) and k = 1, . . . , n. We say that a bounded
operator T˜ : Lp(X,B) → Lp(X,B) is a B-valued extension of T if T˜ = T ⊗ IB
on Lp(X) ⊗ B. In this ase T˜ is also alled a tensor produt extension of T to
Lp(X,B).
If it exists, a B-valued extension T˜ of T is neessarily unique by the density
of Lp(X)⊗ B in Lp(X,B).
It is well-known that if an operator T on L2(X) extends to a ontration on
Lq(X) for all q in [1,∞] then T ⊗ IB extends to a ontration T˜ on L
p(X,B).
(This is not hard to show if p = 1; for other values of p the result an be dedued
by duality and interpolation.) Consequently, any semigroup {Tt : t ≥ 0} on
L2(X) with the ontration property extends to a semigroup {T˜t : t ≥ 0} of
ontrations on Lp(X,B). Moreover, if {Tt : t ≥ 0} is strongly ontinuous
on Lp(X) then {T˜t : t ≥ 0} is strongly ontinuous on L
p(X,B). This is a
onsequene of the following lemma.
Lemma 2.2. Suppose that {St : t ≥ 0} is a family of bounded operators on
Lp(X) with a B-valued extension {S˜t : t ≥ 0} to L
p(X,B). If the mapping
t 7→ St is strongly ontinuous and {S˜t : t ≥ 0} is loally (with respet to t)
uniformly bounded in norm then the mapping t 7→ S˜t is strongly ontinuous.
Proof. Suppose that F ∈ Lp(X,B). Then we may approximate F by a funtion
G of the form
∑n
k=1 ukgk, where n ∈ N, uk ∈ B and gk ∈ L
p(X). Sine the
map t 7→ St is strongly ontinuous, the map t 7→ S˜tG is ontinuous, and by a
standard 3ǫ argument, so is the map t 7→ S˜tF .
Suppose that {Tt : t ≥ 0} is a strongly ontinuous semigroup on L
2(X) with
the ontration property. The generator B of tensor extension {T˜t : t ≥ 0} to





for all F in Lp(X,B) for whih the limit exists. The olletion of suh F is
alled the domain of B. Let −L denote the generator of {Tt : t ≥ 0}. It is easy
to show that Dom(L) ⊗ B ⊆ Dom(B) and that B = −L ⊗ IB on Dom(L) ⊗ B.
Therefore we shall denote B by −L˜.
Bounded operators with vetor-valued extensions an be haraterised in
terms of subpositivity, a property that proves useful in subsequent setions.
Denition 2.3. Suppose that T is a linear operator on Lp(X). We say that
(a) T is positive if Tf ≥ 0 whenever f ≥ 0 for f in Lp(X);
(b) T is subpositive if there exists a bounded positive operator S on Lp(X)
suh that |Tf | ≤ S|f | whenever f ∈ Lp(X), in whih ase we also say that
T is dominated by S.
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If R is an operator on Lp(X) then dene R by the formula Rf = Rf¯ when-
ever f ∈ Lp(X), and dene Re(R) by (R +R)/2.
Lemma 2.4. Suppose that T is a bounded operator on Lp(X). Then the fol-
lowing are equivalent.
(a) The operator T is a subpositive ontration on Lp(X).















() The tensor produt T ⊗ IB extends to a ontration T˜ on L
p(X,B).
(d) There exists a positive ontration S suh that S + Re(eiθT ) is positive
whenever θ ∈ R.
The equivalene of (a), (b) and () are well-known (see, for example, [21℄ and
[20℄) and will be used in Setion 5. Statement (d) is the denition of subpositive
ontrativity given by R. Coifman, R. Rohberg and G. Weiss [4, p. 54℄. The
fat that (a) implies (d) is easy to establish and is used to prove Theorem 6.1.
The onverse is harder to prove (see, for example, [25, Setion 2.1℄) but will not
be needed for the results of this paper.
3 Subpositivity for ontration semigroups
One of the onsequenes of Lemma 2.4 is that any semigroup on L2(X) that
enjoys the ontration property extends to a semigroup of subpositive ontra-
tions on Lp(X) whenever 1 ≤ p < ∞. The goal of this setion is to prove a
stronger result needed in Setion 4, namely that every semigroup on L2(X) with
the ontration property is, when extended to a semigroup on Lp(X) for p in
[1,∞), dominated by a positive ontration semigroup on Lp(X).
We begin with a few preliminaries. Suppose that 1 ≤ p < ∞ and T is a
bounded linear operator on Lp(X). If 1 ≤ q < ∞ and ‖Tf‖q ≤ C ‖f‖q for all
f in Lq(X) ∩ Lp(X) then T has a unique bounded linear extension ating on
Lq(X). By abuse of notation we will also denote this extension by T .
We say that a family of operators {Tt : t ≥ 0} is (strongly) measurable on
Lp(X) if, for every f in Lp(X), the Lp(X)-valued map t 7→ Ttf is measurable
with respet to Lebesgue measure on [0,∞). The family is said to be weakly
measurable if the omplex-valued map t 7→ 〈Ttf, g〉 is measurable with respet
to Lebesgue measure on [0,∞) whenever f ∈ Lp(X) and g ∈ Lp
′
(X). Here, p′
denotes the onjugate exponent of p, given by 1/p+1/p′ = 1. If 1 ≤ p <∞ then
Lp(X) is a separable Banah spae and hene strong measurability and weak
measurability oinide by the Pettis measurability theorem (see [10, Theorem
III.6.11℄).
We now state the main result of this setion.
Theorem 3.1. Suppose that {Tt : t ≥ 0} is a semigroup on L
2(X) satisfying
the ontration property. Then there exists a positive semigroup {St : t ≥ 0} on
L2(X), satisfying the ontration property, suh that
|Ttf | ≤ St|f | ∀f ∈ L
p(X)
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whenever 1 ≤ p < ∞ and t ≥ 0. If {Tt : t ≥ 0} is a measurable semigroup on
L2(X) then {St : t ≥ 0} extends to a measurable semigroup on L
p(X) whenever
1 ≤ p <∞.
We shall prove the theorem via a sequene of lemmata. The nal stage of
the proof draws heavily on the work of Y. Kubokawa [17℄ and C. Kipnis [15℄,
who independently proved a similar result for L1 ontration semigroups.
Denote by the Lp+(X) the set of nonnegative funtions in L
p(X).
Lemma 3.2. Suppose that 1 < p <∞. Assume also that T and S are bounded
operators on L1(X) suh that ‖Tf‖p ≤ ‖f‖p and ‖Sf‖p ≤ ‖f‖p whenever
f ∈ L1(X) ∩ Lp(X). If S is positive and dominates T on L1(X) then
|Tf | ≤ S|f | ∀f ∈ Lp(X).
Proof. Assume the hypotheses of the lemma and suppose that f ∈ Lp(X). Sine
L1(X)∩Lp(X) is dense in Lp(X) there is a sequene {fn}n∈N in L
1(X)∩Lp(X)
suh that fn → f in L
p(X). By ontinuity, |Tfn| → |Tf | in L
p(X) and similarly
S|fn| → S|f | in L
p(X). Moreover, |Tfn| ≤ S|fn| for all n. If gn = S|fn|− |Tfn|
and g = S|f | − |Tf | then eah gn is nonnegative and gn → g in L
p(X). Now
Lp+(X) is a losed subset of L
p(X), so g ≥ 0 and the proof is omplete.
Lemma 3.3. Suppose that p and q both lie in the interval [1,∞) and that
{Tt : t ≥ 0} is a family of operators on L
2(X) satisfying the ontration property.
If {Tt : t ≥ 0} is measurable on L
p(X) then {Tt : t ≥ 0} is measurable on L
q(X).
Proof. Assume the hypotheses and suppose that f ∈ Lq(X) and g ∈ Lq
′
(X). It
sues to show that the map φ : [0,∞)→ C, dened by
φ(t) = 〈Ttf, g〉 ,
is measurable. Choose any sequene {Xn}n∈N of measurable sets satisfying





(X) whih onverges in Lq
′
(X) to g, and a sequene
{fn}n∈N ontained in L
q(X) ∩ Lp(X) whih onverges in Lq(X) to f , one an
show that the sequene {φn}n∈N, given by
φn(t) = 〈Ttfn, 1Xngn〉 ,
onverges pointwise to φ. Sine eah φn is measurable, φ is also.
Lemma 3.4. Suppose that T is a linear ontration on L1(X) with the property
that ‖Tf‖q ≤ ‖f‖q whenever f ∈ L
q(X) ∩ L1(X) and 1 ≤ q ≤ ∞. Then there
is a unique bounded linear positive operator T on L1(X) suh that
(a) the operator norms of T and T on L1(X) are equal,
(b) ‖Tf‖q ≤ ‖f‖q whenever f ∈ L
q(X) ∩ L1(X) and 1 ≤ q ≤ ∞,
() |Tf | ≤ T|f | whenever f ∈ Lp(X) and 1 ≤ p ≤ ∞, and
(d) Tf = sup{|Tg| : g ∈ L1(X), |g| ≤ f} whenever f ∈ L1+(X).
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Proof. For the existene of a unique operatorT satisfying properties (a), () (for
the ase when p = 1) and (d), see, for example, [16, Theorem 4.1.1℄. Property
(b) holds by [10, Lemma VIII.6.4℄. We an now dedue property (), for the
ase when 1 < p <∞, from Lemma 3.2.
The operator T introdued in the lemma is alled the linear modulus of
T . If {Tt : t ≥ 0} is a bounded semigroup on L
1(X) then Ts+t ≤ TsTt for
all nonnegative s and t. However, equality may not hold and thus the family
{Tt : t ≥ 0} of bounded positive operators will not, in general, be a semigroup.
Nevertheless, Kubokawa [17℄ and Kipnis [15℄ (see [16, Theorems 4.1.1 and 7.2.7℄
for a more reent exposition) showed that the linear modulus Tt ould be used
to onstrut a positive semigroup {St : t ≥ 0}, known as the modulus semigroup,
whih dominates {Tt : t ≥ 0}. The following proof uses this onstrution.
Proof of Theorem 3.1. Assume the hypothesis of Theorem 3.1 and suppose that
t > 0. Let Dt denote the family of all nite subdivisions (si) of [0, t] satisfying
0 = s0 < s1 < s2 < . . . < sn = t.
If s = (si) and s





is a renement of s. With this partial order Dt is an inreasingly ltered set.
For f in L1+(X), put
Φ(s, f) = Ts1Ts2−s1 . . .Tsn−sn−1f,
where Tα is the linear modulus of Tα whenever α ≥ 0. It follows from Tα+β ≤
TαTβ that s < s
′
implies Φ(s, f) ≤ Φ(s′, f). Sine the operator Tα is ontra-




Stf = sup{Φ(s, f) : s ∈ Dt}.
Note that
sup{Φ(s, f) : s ∈ Dt} = lim
s∈Dt
Φ(s, f)
so St is well-dened by the monotone onvergene theorem for inreasingly l-
tered families.
It is easy to hek that St(f + g) = Stf + Stg and St(λf) = λStf whenever
f and g belong to L1+(X) and λ ≥ 0. Moreover, ‖Stf‖1 ≤ ‖f‖1 if f ∈ L
1
+(X).
Therefore St an now be dened for all f in L
1(X) as a linear ontration of
L1(X). We dene S0 as the identity operator on L
1(X).




0 = s0 < s1 < s2 < . . . < sn = t
and








form subdivisions of [0, t] and [0, t′] then
0 = s0 < s1 < s2 < . . . < sn = sn + s
′
0 < sn + s
′
1 < sn + s
′
2 < . . . < sn + s
′
n
forms a subdivision of [0, t+ t′]. Conversely every subdivision of [0, t+ t′] whih
is ne enough to ontain t is of this form. This yields St+t′ = StSt′ .
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By Lemma 3.4 (b), it is easy to hek that {St : t ≥ 0} extends to a ontra-
tion semigroup on L2(X) whih satises the ontration property. Moreover,
the onstrution shows that |Ttf | ≤ St|f | whenever f ∈ L
1(X) and t ≥ 0. By
an appliation of Lemma 3.2, we dedue that eah Tt is dominated by St on
Lp(X) whenever 1 ≤ p <∞.
It remains to show that if {Tt : t ≥ 0} is measurable on L
2(X) then {St :
t ≥ 0} is measurable on Lp(X) whenever 1 ≤ p < ∞. In view of Lemma 3.3,
we an assume that {Tt : t ≥ 0} is measurable on L
1(X) and it sues to
show that {St : t ≥ 0} is measurable on L
1(X). Fix f in L1(X) and dene
φ : [0,∞) → L1(X) by φ(t) = Stf . We will onstrut a sequene {φn}n∈N of
measurable funtions onverging pointwise to φ, ompleting the proof.
Sine f an be deomposed as a linear ombination of four nonnegative
funtions (the positive and negative parts of Re(f) and Im(f)) and eah St is
linear, we an assume, without loss of generality, that f ≥ 0.
When t > 0, n ∈ N and m is the smallest integer suh that m ≥ 2nt, let
s(n, t) denote the subdivision (sk(n, t))
m
k=0 of [0, t] given by
sk(n, t) =
{
k2−n if k = 0, 1, . . . ,m− 1
t if k = m.
Now dene φn : [0,∞)→ L
1(X) by
φn(t) = Φ(s(n, t), f)
when t > 0 and φn(0) = f . By the denition of St, |φ(t)−φn(t)| → 0 as n→∞
for eah t ≥ 0.
Our task is to demonstrate that φn is measurable for eah n in N. Note that
φn(t), when t is restrited to the interval [k2
−n, (k + 1)2−n), is of the form
Bk,nTt−k2−nf
where Bk,n is a ontration on L






t ∈ [k2−n, (k + 1)2−n) : Bk,nTt−k2−nf ∈ E
}
.
Hene if the map ϕ : [0, 2−n)→ L1(X), dened by
ϕ(t) = Ttf,
is measurable then φ−1n (E) an be written as a ountable union of measurable
sets and onsequently φn is measurable. But by Lemma 3.4 (d) there is a
sequene {fj}j∈N in L
1
+(X) suh that |Ttf − Ttfj | → 0 as j → ∞. In other
words, ϕ is the pointwise limit of a sequene {ϕj}j∈N of measurable funtions,
dened by ϕj(t) = Ttfj , and hene ϕ is measurable. This ompletes the proof
of Theorem 3.1.
In preparation for the next setion, we present the following lemma. Its
proof will be omitted.
Lemma 3.5. Suppose that {Tt : t ≥ 0} is a semigroup on L
2(X) satisfying the
ontration property. If {Tt : t ≥ 0} is strongly ontinuous on L
p(X) for some
p in [1,∞) then {Tt : t ≥ 0} is strongly ontinuous on L
q(X) for all q in (1,∞).
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4 The HopfDunfordShwartz ergodi theorem
We now obtain a vetor-valued version of the HopfDunfordShwartz ergodi
theorem for use in Setion 5. If T is a bounded strongly measurable semigroup
{Ts : s ≥ 0} on L
p(X) then dene the operator A(T , t), for positive t, by the
formula





Tsf ds ∀f ∈ L
p(X).
For f in Lp(X), we now dene a maximal ergodi funtion AT f by
AT f = sup
t>0
|A(T , t)f |. (4)
A simplied version of the lassial HopfDunfordShwartz ergodi theorem
may be stated as follows.
Theorem 4.1. [10, Theorem VIII.7.7℄ Suppose that {Tt : t ≥ 0} is a measurable
semigroup on L2(X) satisfying the ontration property. Assume that p ∈ (1,∞)










‖f‖p ∀f ∈ L
p(X).
We will now develop a vetor-valued version of this theorem. Fix p in the
interval (1,∞). Suppose that T is a strongly ontinuous semigroup {Tt : t ≥ 0}
on L2(X) satisfying the ontration property. By Lemma 3.5, the semigroup
T is a strongly ontinuous semigroup of ontrations when viewed as ating on
Lp(X). We rst show that the bounded linear operator A(T , t) on Lp(X) has an
extension to Lp(X,B) for all positive t. By Theorem 3.1 there is a measurable
semigroup {St : t ≥ 0} of positive ontrations on L
p(X), whih we denote by S,
dominating T on Lp(X). Hene A(S, t) is also a positive ontration on Lp(X)
for eah positive t. Moreover,










Ss|f | ds = A(S, t)|f | (5)
whenever f ∈ Lp(X). It follows that A(T , t) has a tensor produt extension
to Lp(X,B) for all positive t (see Lemma 2.4). We an now dene a maximal
ergodi funtion operator ATB by the formula
ATBF = sup
t>0
|A˜(T , t)F |B ∀F ∈ L
p(X,B). (6)
Moreover, if F ∈ Lp(X,B) then ATBF is measurable. To see this, observe
that the mapping t 7→ A(T , t)f is ontinuous from (0,∞) to Lp(X) and A˜(T , t)
is a ontration on Lp(X) for every t by (5). Hene the vetor-valued mapping
t 7→ A˜(T , t)F is ontinuous from (0,∞) to Lp(X,B) by a simple modiation of
Lemma 2.2. This implies that the maping t 7→ |A˜(T , t)F |B is ontinuous from
(0,∞) to Lp(X). Therefore the measurable funtion supt∈Q+ |A˜(T , t)F |B, where
Q+ denotes the set of positive rationals, oinides with supt>0 |A˜(T , t)F |B.
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Corollary 4.2. Suppose that B is a Banah spae and that T is a strongly
ontinuous semigroup {Tt : t ≥ 0} on L
2(X) with the ontration property. If
1 < p < ∞ then the maximal ergodi funtion operator ATB , dened by (6),
satises the inequality
∥∥ATBF∥∥Lp(X) ≤ 2( pp− 1
)1/p
‖F‖Lp(X,B) ∀f ∈ L
p(X,B).
Proof. Fix p in (1,∞) and let S denote the semigroup dominating T that was
introdued above. For F in Lp(X,B),
ATBF = sup
t>0




= AS |F |B.
The result follows upon taking the Lp(X) norm of both sides and applying
Theorem 4.1.
5 The vetor-valued maximal theorem
The main result of this setion is a vetor-valued version of Theorem 1.3. It
gives an Lp estimate for the maximum funtion MψBF (dened by (3)) under
the assumption that the generator −L˜ of {T˜t : t ≥ 0} has bounded imaginary
powers.
Theorem 5.1. Suppose that (X,µ) is a σ-nite measure spae, B is a Banah
spae, 1 < p < ∞ and {Tt : t ≥ 0} is a strongly ontinuous semigroup on
L2(X) with the ontration property. If there exists ω less than π/2 − ψ and
a positive onstant K suh that L˜ has bounded imaginary powers satisfying the
norm estimate
‖L˜iuF‖Lp(X,B) ≤ Ke
ω|u| ‖F‖Lp(X,B) ∀F ∈ L
p(X,B) ∀u ∈ R, (7)
then {T˜t : t ≥ 0} has a bounded analyti ontinuation in L
p(X,B) to the setor





≤ C ‖F‖Lp(X,B) ∀F ∈ L
p(X,B). (8)
Proof. Assume the hypotheses of the theorem. Sine L˜ has bounded imaginary
powers satisfying (7), −L˜ generates a uniformly bounded semigroup on Lp(X,B)





by a result of J. Prüss and H. Sohr [22, Theorem 2℄. Hene the operatorMψB is
well-dened. It remains to show (8).
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Take F in Lp(X,B) and z in Γψ\{0}. Write z as e
iθt, where |θ| ≤ ψ and
























e−sλ ds ∀λ > 0. (10)


































where T denotes the semigroup {Tt : t ≥ 0} and A
T
B is the operator dened
by (6). By Corollary 4.2, the rst term on the right-hand side is majorised by
2[p/(1− p)]1/p ‖F‖Lp(X,B). We need to ontrol the seond term.












e−θu − (1 + iu)−1
)
Γ(iu) ∀u ∈ R,
and the theory of the Γ-funtion (see, for example, [26, p. 151℄) gives the estimate





where C0 is a onstant independent of u and θ. Thus, the existene of bounded
































Taking the Lp(X) norm of both sides of the above inequality and applying (7)


















< C1 ‖F‖Lp(X,B) ,
sine ψ − π/2 + ω < 0, and where C1 is a positive onstant independent of F .
Now (11) and Corollary 4.2 yields (8) for some positive onstant C.
The opening formal alulations an be justied by working bakwards, pro-






is measurable. Sine the map z 7→ T˜zF is ontinuous from Γψ to L
p(X,B), the






|mθ(tL˜)F |B = sup
(t,θ)∈R
|mθ(tL˜)F |B,
where R is the denumerable set
(
(0,∞) × [−ψ, ψ]
)
∩ Q2. Sine eah mθ(tL˜)F
is measurable in Lp(X,B) it follows that (13) is measurable in Lp(X). This
ompletes the proof.
6 Bounded imaginary powers of the generator
In this setion we examine irumstanes under whih the bounded imaginary
power estimate (7), one of the hypotheses of the preeding theorem and orollary,
is satised. A fruitful (and in our ontext, neessary) setting is when the Banah
spae B has the UMD property. A Banah spae B is said to be a UMD spae
if one of the following equivalent statements hold:
(a) The Hilbert transform is bounded on Lp(X,B) for one (and hene all) p
in (1,∞).
(b) If 1 < p < ∞ then B-valued martingale dierene sequenes on Lp(X,B)
onverge unonditionally.
() If 1 < p <∞ then (−∆)iu⊗IB extends to a bounded operator on L
p(R,B)
for every u in R (a result due to S. Guerre-Delabrière [12℄).
Several other haraterisations of UMD spaes exist (see, for example, [2℄ and the
survey in [23℄) but those ited here are, for dierent reasons, the most relevant
to our disussion. If the Hilbert transform, whih orresponds to the multiplier
funtion u 7→ i sgn(u), is bounded on Lp(X,B) then one an establish vetor-
valued versions of some Fourier multiplier theorems (suh as Mikhlin's multiplier
theorem [29℄). This fat is used below to establish Theorem 6.1. The seond
haraterisation gave rise to the name UMD. The third haraterisation shows
that, in general, B must be a UMD spae if L˜ is to have bounded imaginary
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powers, sine −∆ generates the Gaussian semigroup. Examples of UMD spaes
inlude, when 1 < p < ∞, the lassial Lp(X) spaes and the Shattenvon
Neumann ideals Cp. Moreover, if B is a UMD spae then its dual B∗, losed
subspaes of B, quotient spaes of B and Lp(X,B) when 1 < p <∞ also inherit
the UMD property.
It was shown by Hieber and Prüss [13℄ that when 1 < q <∞ the generator of
a UMD-valued extension of a bounded strongly ontinuous positive semigroup
on Lq(X) has a bounded H∞-funtional alulus. The next result says that the
same is true if the positivity ondition is relaxed to subpositivity (assuming that
the UMD-valued extension of the semigroup is bounded), though it is onvenient
in the present ontext to state it for semigroups possessing the ontration
property. First we introdue some notation. If σ ∈ (0, π] then let H∞(Γσ)





Theorem 6.1. Suppose that 1 < q <∞ and B is a UMD spae. If {Tt : t ≥ 0}
is a strongly ontinuous semigroup on L2(X) satisfying the ontration property
and −L˜ is the generator of its tensor extension {T˜t : t ≥ 0} to L
q(X,B), then
L˜ has a bounded H∞(Γσ)-alulus for all σ in (π/2, π]. Consequently, for every
σ ∈ (π/2, π] there exists a positive onstant Cq,σ suh that
‖L˜iuF‖Lq(X,B) ≤ Cq,σe
σ|u| ‖F‖Lq(X,B) ∀F ∈ L
q(X,B) ∀u ∈ R. (14)
Proof. Sine the semigroup {Tt : t ≥ 0} an be extended to a subpositive
strongly ontinuous semigroup of ontrations on Lq(X), it has a dilation to a
bounded c0-group on L
q(X ′) for some measure spae (X ′, µ′). In other words,
there exists a measure spae (X ′, µ′), a strongly ontinuous group {Ut : t ∈
R} of subpositive ontrations on Lq(X ′), a positive isometri embedding D :
Lq(X)→ Lq(X ′) and a subpositive ontrative projetion P : Lq(X ′)→ Lq(X ′)
suh that
DTt = PUtD ∀t ≥ 0
(see the result of G. Fendler [11, pp. 737738℄ whih extends the work of Coif-
man, Rohberg, and Weiss [4℄). Lifting this identity to its B-valued extension,
we see that the semigroup {T˜t : t ≥ 0} on L
q(X,B) has a dilation to a bounded
c0-group {U˜t : t ∈ R} on L
q(X ′,B).
Let −L˜ denote the generator of {T˜t : t ≥ 0}. Then the dilation implies that
L˜ has a bounded H∞(Γσ)-alulus for all σ in (π/2, π] (see [13℄ or the exposition
in [18, pp. 212214℄, where the H∞-alulus is rst onstruted for the generator
of the group {U˜t : t ∈ R} using the vetor-valued Mikhlin multiplier theorem
in onjuntion with the transferene priniple, and then projeted bak to the
generator −L˜ of {T˜t : t ≥ 0} via the dilation).
The bounded H∞(Γσ)-alulus gives a positive onstant Cq,σ suh that
‖f(L˜)‖Lq(X,B) ≤ Cq,σ ‖f‖H∞(Γσ) ∀f ∈ H
∞(Γσ).
If f(z) = ziu for u in R then (14) follows.
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The theorem above suggests that the problem of nding bounded imaginary
powers of L˜ is ritial to L2(X,B). That is, if
‖L˜iuF‖L2(X,B) ≤ Ce
ω|u| ‖F‖L2(X,B) ∀F ∈ L
2(X,B) ∀u ∈ R
for some ω less than π/2−ψ then one ould interpolate between the L2 estimate
and (14) to obtain (7). Unfortunately, suitable L2(X,B) bounded imaginary
power estimates, where B is a nontrivial UMD spae, appear to be absent in
the literature, even when L˜ is the Laplaian. However, if B is a Hilbert spae,
suh estimates are available via spetral theory.
Lemma 6.2. Suppose that H is a Hilbert spae. If {Tt : t ≥ 0} is a symmetri
diusion semigroup on L2(X) then the generator −L˜ of the H-valued extension
{T˜t : t ≥ 0} to L
2(X,H) satises
‖L˜iuF‖L2(X,H) ≤ ‖F‖L2(X,H) ∀F ∈ L
2(X,H) ∀u ∈ R. (15)
Proof. It is not hard to hek that the tensor produt extension to L2(X,H)
of the semigroup {Tt : t ≥ 0} is a semigroup of selfadjoint ontrations on
L2(X,H). Its generator −L˜ is therefore selfadjoint on L2(X,H) and hene L˜
has nonnegative spetrum. Spetral theory now gives estimate (15).
To obtain (7) we shall interpolate between (14) and (15). Hene we onsider
the lass of UMD spaes whose members B are isomorphi to losed subquo-
tients of a omplex interpolation spae (H,U)[θ], where H is a Hilbert spae, U
is a UMD spae and 0 < θ < 1. Members of this lass inlude the UMD funtion
latties on a σ-nite measure spae (suh as the reexive Lp(X) spaes) by a re-
sult of Rubio de Frania (see [23, Corollary, p. 216℄), the reexive Sobolev spaes
(whih are subspaes of produts of Lp spaes) and the reexive Shattenvon
Neumann ideals. This lass an be further extended to inlude many operator
ideals by ombining Rubio de Frania's theorem with results due to P. Dodds,
T. Dodds and B. de Pagter [8℄ whih show that the interpolation properties of
nonommutative spaes oinide with those of their ommutative ounterparts
under fairly general onditions. It was asked in [23℄ whether the desribed lass
of UMD spaes inludes all UMD spaes. It appears that this is still an open
question.
Corollary 6.3. Suppose that B is a UMD spae isomorphi to a losed subquo-
tient of a omplex interpolation spae (H,U)[θ], where H is a Hilbert spae, U
is a UMD spae and 0 < θ < 1. Suppose also that {Tt : t ≥ 0} is a symmet-
ri diusion semigroup on L2(X) and denote by −L˜ the generator of its tensor
extension to Lp(X,B), where 1 < p <∞. If
|2/p− 1| < θ (16)
and




then there exists ω less than π/2−ψ suh that L˜ has bounded imaginary powers
on Lp(X,B) satisfying estimate (7).
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so that if σ is the arithmeti mean of π/2 and (π/2 − ψ)/θ then σ > π/2 and










Inequality (16) guarantees that 1 < q < ∞. Interpolating between (15) and




σθ|u| ‖F‖Lp(X,B) ∀F ∈ L
p(X,B) ∀u ∈ R.
If ω = σθ then (7) follows, ompleting the proof.
7 Proof of Theorem 1.5
In this nal setion we omplete the proof of Theorem 1.5. Suppose the hy-
potheses of the theorem. Parts (a) and (b) follow immediately from Theorem
5.1 and Corollary 6.3. Part () will be dedued from the vetor-valued maximal
theorem and the pointwise onvergene of {Tt : t ≥ 0} (see Corollary 1.4).
For ease of notation, write z → 0 as shorthand for z → 0 with z in Γψ.
Suppose that F ∈ Lp(X,B) and ǫ > 0. There exists a funtion G in Lp(X)⊗
B suh that ‖G− F‖Lp(X,B) < ǫ. Write G as
∑n
k=1 ukfk, where n is a positive
integer, {uk}
n
k=1 is ontained in B and {fk}
n
k=1 is ontained in L
p(X). Hene,
for almost every x in X ,
lim sup
z→0
|T˜zF (x) − F (x)|B ≤ lim sup
z→0













≤ 2MψB(G− F )(x),
sine Corollary 1.4 implies that
lim
z→0
|Tzfk(x) − fk(x)| = 0
for eah k and for almost every x in X . By taking the Lp(X) norm and applying
Theorem 5.1 we obtain∥∥∥∥lim sup
z→0











|T˜zF (x)− F (x)|B = 0
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for almost every x in X , proving the theorem.
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